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Neste trabalho, o desempenho da porta Toffoli sob a influência de imperfeições é estudada. Depois de dar uma breve introdução à computação quântica
e teoria de controle quântico, os qubits supercondutores de tipo de carga e seus
acoplamentos a um ressonador da linha de transmissão são discutidos. Em seguida,
a execução da porta Toffoli numa cadeia de três qubits supercondutores de tipo
transmon, utilizando métodos de controle quântico, é revisada. Tendo estabelecido a porta, o ruı́do é introduzido nas interações entre os qubits. As constantes de
acoplamento, então, não ficam fixas, flutuam em torno de valores médios e obedecem a algumas funções de densidade de probabilidade conhecidas que caracterizam
o caso da imperfeição dinâmica. O caso da imperfeição estática no qual os valores
das constantes de acoplamento não são conhecidas com precisão é também considerado. Finalmente, uma porta mais robusta é projetada com uma modificação do
problema de otimização quântico usando uma fidelidade média ponderada como
funcional objetivo.
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In this thesis, the performance of the Toffoli gate under the influence of imperfections is studied. After giving a brief introduction to quantum computing
and quantum control theory, superconducting charge qubits and their couplings
to the transmission line resonator are discussed. Then, the implementation of the
Toffoli gate in a chain of three superconducting transmon qubits, using quantum
control methods, is reviewed. Having established the gate, the noise is introduced
in the interqubits interactions. The coupling constants are then no longer fixed, instead, they fluctuate around average values obeying some given probability density
functions characterizing the dynamical-imperfection case. The static-imperfection
case in which the values of the coupling constants are not exactly known is also
considered. Finally, a more robust gate is designed by modifying the quantum
optimization problem using some weighted average fidelity as the objective functional.
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Chapter 1
Introduction
Physical implementations of quantum information processing are always subjected to various imperfections that decrease the performance of the process. Imperfections can be dynamical or static. While in dynamical imperfections the noisy
parameters change their values in time with some frequencies, in static imperfections the realization of the noise parameters remain constant for a time period
much larger than the time that is required to fulfill the process job.
Dynamical imperfections as a result of system-environment coupling produce
decoherence in the system destroying the benefits of using quantum information.
Static imperfections on the other hand do not introduce decoherence to the system
yet lead to error as well.
Georgeot and Shepelyansky (2000b,a) have already considered a two dimensional lattice of qubits with nearest-neighbor interqubit couplings as a standard generic quantum computer model to incorporate imperfections. This model
shows that, for a system affected by static imperfections, quantum chaos sets in
above a critical interqubit strength and annihilates the quantum computer performance (Georgeot and Shepelyansky (2000a)).
Consequently, the entanglement dynamics also exhibit a transition from integrability to quantum chaos (Montangero et al. (2003); Montangero and Viola
(2006)). However, the entanglement dynamics remain almost unaffected for disorders less than 10% (Tsomokos et al. (2007, 2008)).
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Facchi et al. (2005) have also used the same model to study the dynamical
imperfections in quantum computers. In this case a characteristic frequency is
associated with the noise that is specifying the rate at which the noise changes.
They have shown that for low frequencies the imperfections can be considered
static, and for sufficiently high frequencies the effect of noise completely disappears.
Implementations of quantum computers specifically require high fidelity quantum gates. There are many measures for the robustness of a quantum gate against
noise (see for example Harrow and Nielsen (2003)). Particularly, one- and twoqubit quantum gates that are universal for quantum computing have already been
analyzed under the influence of noise (Hu and Das Sarma (2002); Paladino et al.
(2011); Green et al. (2012); Bogdanov et al. (2013)).
The standard way of implementation of the multiqubit gates is to decompose
them into a sequence of single- and two-qubit gates (Barenco et al. (1995)). However, the implementation of multi-qubit gates using such decompositions in terms
of a universal gate set may not be efficient because the implementation time may
exceed the decoherence time.
Another approach to implement multiqubit gate is to implement them directly without using the decomposition method. The Toffoli gate, a three-qubit
gate with central role in quantum information processing, has been recently implemented with less resources and moderate fidelities (Monz et al. (2009); Fedorov
et al. (2011); Reed et al. (2012a)). However, new proposals have been suggested
to realize the Toffoli gate with fidelities above 99% (Stojanović et al. (2012); Chen
et al. (2012)).
It is possible to use quantum control methods to design a set of microwave
pulses to realize the Toffoli gate in a chain of three superconducting qubits which
are embedded in circuit quantum electrodynamics (circuit QED) setup.
Superconducting qubits are promising candidates in constructing quantum
networks to perform quantum information processing tasks. They are macroscopic
prototypes of qubits which are based on Josephson tunnel junction and proved to
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have quantum properties like atoms (Clarke and Wilhelm (2008); You and Nori
(2011)). Superconducting qubits are coupled to microwave photons within circuit QED setup which is the on-chip implementation of the cavity quantum electrodynamics (cavity QED). It consists of a transmission line resonator playing the
role of the cavity and a superconducting qubit serving as the artificial atom. The
Jaynes-Cummings model describes the interaction between the photon and the
qubit, when the so called rotating wave approximation is applicable (Blais et al.
(2004); Schoelkopf et al. (2008)). The control and readout of the qubit state can
be effectively performed using external wave generators.
The coupling between the qubits within a circuit QED is mediated by virtual
exchange of photons with the cavity in the large detuning dispersive regime. In this
regime, an effective qubit-qubit interaction of isotropic XY type appears when the
rotating wave approximation is applicable (Blais et al. (2004, 2007); Majer et al.
(2007)). Various two- and three-qubit quantum information processing tasks have
already been performed with moderate fidelities using such coupling between the
qubits (DiCarlo et al. (2009, 2010); Fedorov et al. (2012); Reed et al. (2012b)).
Actually in a circuit QED setup, Stojanović et al. (2012) design a sequence
of microwave pulses that realizes the Toffoli gate with a fidelity above 99% in a
time about 140 ns that is fast enough because the decoherence time T2 in such
systems is 10 to 20 µs.
Having design such multiqubit gates, it is crucial to analyze their efficiency
under the influence of noise and possibly to improve their performance.
A bilinear Hamiltonian with XY -type Heisenberg chain for the system and
Zeeman-like term for the control part is considered as the quantum control system
to implement the Toffoli gate. Both parts in the Hamiltonian are subjected to noise.
The effect of noise on the control fields has already been considered (Stojanović
et al. (2012); Heule et al. (2010, 2011)) showing that the gate is more robust
when the single control pulse duration is reduced. Actually, for a fixed gate time,
increasing the noise has less of an effect on the average fidelity of the gate with
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higher number of control pulses. However, the system Hamiltonian is also subjected
to imperfections when the interqubit couplings are affected by the noise.
In this thesis, we consider the Toffoli gate that is proposed by Stojanović
et al. (2012) and study the performance of the gate when the interqubit couplings
are noisy. We consider the fidelity of the Toffoli gate under the influence of both
the dynamical and the static imperfections. We also propose a method to improve
the performance of the gate in the presence of noise.
In chapter 2 the ideas of quantum computing and quantum control theory
are explained. After briefly reviewing the postulates of quantum mechanics, the
quantum mechanical counterpart of the classical bit, the quantum bit (qubit) is
described and finally the universal set of gates are introduced. The entangled
and separable states are defined and the physical implementation of the quantum
gates are presented thereafter. The chapter in continued with giving the ideas of
quantum control theory and then the various forms of controllability explained.
Some theorems that help to verifying the controllability of the quantum systems
is pointed out. The chapter is ended with an explanation on the quantum optimal
control theory and the bilinear model.
Chapter 3 is devoted to explaining superconducting qubits and circuit QED
setup. The chapter starts with describing the Josephson junction that consists
the basis of the superconducting qubits. The Hamiltonian of the single Josephson
junction charge qubit is then presented and the ideas of qubits with two and three
junctions are explained. As a charge qubit that is more resisted to the charge noise
the transmon qubit is then described. Finally, the coupling of the superconducting
qubits to a transmission line resonator are considered. It is described how to control
a single qubit embedded in the circuit QED. The Hamiltonian of several qubits
coupled to a single transmission line is also presented and the effective interaction
between the qubits in the large dispersive regime is studied.
Having presented the required basis in chapters 2 and 3, analyzing the Toffoli gate in the presence of noise is discussed in chapter 4. The first part of the
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chapter is devoted to briefly describing how the Toffoli gate is realized in a chain of
superconducting qubits embedded in circuit QED setup when everything is ideal.
To introduce imperfection to the system a noise model with a triangular form for
the autocorrelation function and consequently a square sinc form for the power
spectral density is described. After that the effect of the dynamical noise which
is characterized by the noise frequency is studied. Actually, the behavior of the
fidelity of the Toffoli gate is considered under the influence of imperfections with
different noise frequencies and different noise standard deviations values. The chapter is ended with an explanation of the effects of the static noise which corresponds
to a fixed noise in the system.
In chapter 5 it is investigated how to improve the fidelity when the system
is affected by the static noise. Using optimal control techniques, two new set of
control fields are obtained and their performance is analyzed under the influence of
the noise that prove the enhanced fidelity. At the end special set of control fields
is obtained that are quite independent from the noise in the interqubit couplings.
The conclusion and future works is presented in chapter 6.
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Chapter 2
Quantum Computing and Quantum
Control Theory
In this chapter the bases of quantum computing and quantum control theory
are briefly reviewed. The postulates of quantum mechanics, the ideas of qubit
and quantum gates are described in section 2.1. The definition of entanglement is
then given and finally the physical implementation of quantum gates are described.
Section 2.2 is devoted to explaining the ideas of quantum control theory. Various
forms of controllability are described and some theorems are given thereafter that
help to verify the controllability of the quantum systems. The section is finished
with explaining the optimal control methods in bilinear systems.
The postulates of quantum mechanics that are described in this chapter as
well as the ideas of quantum computing is mainly based on Nielsen and Chuang
(2010). The definitions of entangled and separable states are extracted from the
reference Vedral (2006). In writing the section of physical implementation of quantum gate Le Bellac (2006) and Lambropoulos and Petrosyan (2007) have been used.
The quantum control section is mainly based on d’Alessandro (2008) and Machnes
et al. (2011).
2.1

Quantum computing
In this section, first the general framework of quantum mechanics is reviewed

and then the ideas of quantum information theory are briefly described.
6

The state space of a quantum system is described by a Hilbert space H. The
state of the system is completely described by a unit vector |ψi in the corresponding
Hilbert space. The time evolution of the state of a closed quantum system is
described by the Schrödinger equation
i
d
ψ(t) = − Hψ(t),
dt
~

(2.1)

where H is the Hamiltonian of the system, ~ is the Planck’s constant and i =

√

−1

is the imaginary unit.
Considering that the Hamiltonian of the system is a Hermitian operator, the
time evolution of a closed quantum system is described by a unitary transformation.
In the case of time-independent Hamiltonian, the Eq. (2.1) has the solution
i

|ψ(t)i = U (t)|ψ(0)i; U (t) = e− ~ Ht ,

(2.2)

where |ψ(0)i is the state of the system at t = 0.
Having specified the state of the system and its evolution, the next step is to
measure the system. Quantum measurements are described by a collection {Mm }
of positive operators acting on the state space of the system being measured. The
operators {Mm } satisfy the completeness equation
X

†
Mm
Mm = IH ,

m

where the index m refers to the measurement outcomes that may occur in the
experiment and † represents the conjugate transpose. If the state of the quantum system is |ψi immediately before the measurement, then the probability of
occurrence the result m is given by

†
p(m) = hψ|Mm
Mm |ψi,
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and the state of the system after the measurement is
M |ψi
pm
.
p(m)
Here, the product h . | . i : H × H → C is the corresponding Hilbert space inner
product.
The last point about the quantum systems which must be mentioned is the
way that the compound systems are described. The state space of a composite
quantum system is the tensor product of the state spaces of the component systems.
The state of the system is given by the tensor product of the states of the individual
subsystems.
The above statements are the postulates of quantum mechanics upon which
the theory is constructed. However, the state of a physical system is often not
perfectly determined. It is only known that the state of the system belongs to the
ensemble
{|ψ1 i, |ψ2 i, ..., |ψl i},
with probabilities
{p1 , p2 , ..., pl },

X

pj = 1.

j

In this case, the density operator ρ, defined by

ρ=

X
l

|ψj ihψj |,

(2.3)

is introduced. The density operator ρ is a positive operator with unit trace. The
previous postulates can also be formulated in terms of the density operator to describe the ensembles. Such a formulation is mathematically equivalent to the state
vector approach, but provides a more convenient way for dealing with ensembles.
With the above background on quantum mechanics the ideas of quantum
information theory are described in the next paragraphs.
Quantum information theory is the generalization of classical information
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theory to the quantum world. Basically, it deals with the use of quantum systems
to store information, which is then processed by quantum dynamical laws.
In this thesis, only finite dimensional quantum systems are considered hence
the corresponding Hilbert space is always a complex vector space equipped with
the usual inner product. The quantum counterpart of the bit in the classical
information theory is the qubit (quantum bit) that is a two-level quantum system,
whose state is given by

|ψi = α|0i + β|1i, |α|2 + |β|2 = 1,

α, β ∈ C

(2.4)

belonging to H = (C2 , h. , .i), being {|0i, |1i} a basis for the Hilbert space H.
A qubit can assume any of a continuum of states given by the linear superposition (2.4) suggesting an infinite information content. However, this is not the
case since the result of the measurement of the qubit is restricted to |0i and |1i
with the corresponding probabilities |α|2 and |β|2 .
The quantum counterparts of logical gates in classical computing are unitary
operators. Universal gates in quantum computing are those unitary operators from
which any other unitary operator over n qubits, U ∈ U (2n ), can be constructed.
It can be proved that the collection of single-qubit gates



iφ

ie sin θ
 cos θ
U (θ, φ) = 
,
ie−iφ sin θ
cos θ

θ, φ ∈ R,

(2.5)

and the two-qubit controlled-Not gate


1


0

CN OT = 

0

0
are universal (Barenco et al. (1995)).
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0 0
1 0
0 0
0 1


0


0



1

0

(2.6)

An important gate that is used in chapter 4 is the three-qubit Toffoli gate


UToff

1

0



0


0

=

0


0


0


0

0

0

0

0

0

0

1

0

0

0

0

0

0

1

0

0

0

0

0

0

1

0

0

0

0

0

0

1

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

0

0

0

0

1


0

0



0


0



0


0


1


0

(2.7)

which belongs to the unitary group U (23 ). The Toffoli gate can be decomposed
into six CN OT gates and several single-qubit gates (Nielsen and Chuang (2010)).
The basic idea of quantum computation is the application of a sequence
of designed unitary transformations on a collection of qubits that are prepared
in known initial states and performing designed measurements on the final qubit
states (DiVincenzo et al. (2000)).

2.1.1

Entanglement

The tensor product description of the composite systems in quantum mechanics makes a departure from the classical realm where the composite systems
are described by the Cartesian product of the individual subsystem states. The
Hilbert space of a quantum n-partite system is given by H = ⊗nj=1 Hj , where Hj
are the Hilbert spaces of the individual subsystems and ⊗ is the tensor product
operation. The general state of the system is then written as

|ψi =

X
i1 ,i2 ,...in

ci1 ,i2 ,...in |i1 i ⊗ |i2 i ⊗ ... ⊗ |in i,

(2.8)

where |ij i correspond to the bases of individual subsystems and ci1 ,i2 ,...in ∈ C. The
state (2.8) cannot in general be decomposed as a product of states of individual
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subsystems
|ψi =
6 |ψ1 i ⊗ |ψ2 i ⊗ ... ⊗ |ψn i.

(2.9)

Such states of multipartite systems for which it is not possible to assign a single
state vector to individual subsystems are called entangled states.
A mixed state of a multipartite system is called entangled if it cannot be
written as a convex combination of product states (density operators)

ρ 6=

X
j

pj ρj1 ⊗ ρj2 ⊗ ... ⊗ ρjn .

(2.10)

The states that are not entangled are called separable. In practice, it is hard
to decide if a given state is separable or entangled (Horodecki et al. (2009)).
Entanglement is a physical resource like energy, that is, associated with nonclassical correlations between the quantum systems. Entangled states plays a crucial role in quantum error correction and quantum communication (Horodecki et al.
(2009)).
The two-qubit CN OT gate and the three-qubit Toffoli gate that are described
in the previous section can produce entanglement between the qubits. Such gates
cannot be decomposed as a tensor product of single qubit gates over the individual
qubits. In the next section it is described how to implement such entangling
gates.

2.1.2

Physical Implementation of Quantum Gates

Two-level quantum mechanical systems can be manipulated by electromagnetic fields to realize the Rabi oscillations that provide the single qubit gates. The
interaction between a two-level atom with an electromagnetic field whose energy
is equal the energy splitting of the two levels is given by the Hamiltonian

H=



eiφ 
−~Ω 0

,
2
−iφ
e
0

11

(2.11)

where φ is the phase of the electromagnetic field and Ω is the so-called Rabi frequency. The time evolution of the Hamiltonian (2.11) is then calculated as


 



 −it −~Ω 0
eiφ   cos 2θ
ieiφ sin 2θ 

U (t) = exp (
)
=



,


2
θ
θ
−iφ
−iφ
 ~

e
0
ie sin 2
cos 2

(2.12)

where θ = Ωt. The unitary evolution (2.12) is a general qubit operation (see
Eq. 2.5) that can be realized through adjusting the phase φ of the electromagnetic
field and the time duration t = θ/Ω when the atom is irradiated.
The two-qubit CN OT gate produces entanglement between the qubits. This
gate can not be decomposed as a tensor product of two single qubit operations. It
is possible to realize CN OT between two qubits when the two qubits are coupled
together. As an example consider the following Ising interaction between two
qubits
H = −~Jσ1z σ2z

(2.13)

where J is the coupling constant and σz is the Pauli Z matrix given by


1 0 
σz = 
.
0 −1

(2.14)

Defining the following single qubit gates








0 
1 1 1 
1 1 − i
Rz (π/2) = √ 
, H = √ 
,
2
2
0
1+i
1 −1

(2.15)

the following sequence
π
I ⊗ H . exp(i σz ⊗ σz ) . Rz (π/2) ⊗ Rz (π/2) . I ⊗ H,
4

(2.16)

is equal to a CN OT gate up to a general phase factor. Here, the first slot corresponds to the first qubit and the second slot to the second qubit. In Eq. (2.16),
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the term exp(i π4 σz ⊗ σz ) corresponds to the evolution of the Hamiltonian (2.13)
during the time t = π/4J.
Having constructed the general single qubit operations and the CN OT gate,
it is possible theoretically to implement any multiqubit gate. However, the implementation of the multiqubit gates using the standard decompositions in terms
of the universal gates may not be efficient because the implementation time may
exceed the decoherence time. Actually, before finishing the complete sequence
of single and two qubit gates, the qubits interact with the environment and the
quantum information are destroyed.
Another approach to implement multiqubit gate is to implement them directly by designing a sequence of electromagnetic pulses that affected the qubits
individually and implement the desired gate. In this way, locally manipulating the
qubits leads to generating entanglement that is mediated by the coupling between
the qubits. In chapter 4 it is described how to implement the Toffoli gate using
designed electromagnetic pulses. Such pulse shaping techniques involved quantum
optimal control methods that are described in the next section.
2.2

Quantum Control Theory
In this section the ideas of quantum control theory is described. Pure state

controllability, operator controllability and density matrix controllability are described and the corresponding theorems are then explained. Finally, optimal control theory and the bilinear model that is used for handling the quantum control
problems are described.
Basically, quantum control theory deals with controlling quantum systems
whose behavior is governed by the laws of quantum mechanics. This is not a
trivial task because quantum systems have some unique characteristics such as
entanglement for which there is no classical counterpart.
Like classical systems, it is possible to realize both the open-loop and the
closed-loop control paradigms in quantum systems. In the open-loop quantum
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control, predetermined controlling actions are applied to the system and no feedback is involved. In the closed-loop quantum control in contrast, the controlling
actions depend on the information gained from the system hence it is called feedback quantum control (Brif et al. (2010)).
Moreover it is possible to distinguish between two different kinds of closedloop quantum control. The distinction originates from the type of information
the controller gains from the system. When the information is classical, some
kind of measurement is involved and the scheme is called measurement feedback
quantum control. It is also possible to use a quantum controller obtaining quantum
information from the system. In this case the system undergoes (nondestructive)
unitary operations. This type of control is called quantum feedback quantum
control or coherent feedback control. It may be mentioned there is no classical
counterpart for this type of quantum control scheme (Brif et al. (2010)).
Two main objectives of quantum control are quantum state engineering and
quantum operator engineering. In quantum state engineering the aim is to steer
the system from an initial state ψi (ρi ) to a final state ψf (ρf ). In operator control,
one wish to implement a predetermined operator U irrespective of the initial state
of the system.
Having established the quantum control system, one needs to know about
the controllability of the system. The controllability of the system is associated
with the ability to steer the system from any initial state in the corresponding
Hilbert space to any other state in that space by using the admissible controllers.
In the next section, the state and operator controllability are described in more
details.

2.2.1

Controllability

A fundamental notion in quantum control theory is the controllability of a
given quantum system. Here, some results on the controllability of closed quantum systems with open-loop control are presented. The results for open quantum
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systems is given thereafter. It is more convenient to set ~ = 1 which is equivalent
to change the units.
Definition 1. (Pure State Controllability) The Schrödinger equation
d
ψ(t) = −iH(u(t))ψ(t),
dt

(2.17)

is pure state controllable if for every pair of initial and final states, ψ0 and ψ1 ,
there exist control functions u and a time T > 0 such that the solution ψ(t) of
equation (2.17) at time T , with initial condition ψ0 , is ψ(T ) = ψ1 . Here, u(t) is
assumed to belong to the space of real-valued functions, U.
Definition 2. (Operator Controllability) The Schrödinger operator equation
d
U (t) = −iH(u(t))U (t),
dt

(2.18)

is operator controllable if for every unitary operator Uf ∈ U (n) with n being the
corresponding dimension of Hilbert space, there exist control functions u and a
time T > 0 such that the solution U (t) of equation (2.18) at time T , with initial
condition U (0) = I, is U (T ) = Uf .
Definition 3. (Density Matrix Controllability) The Liouville equation
d
ρ(t) = −i[H(u(t)), ρ(t)],
dt

(2.19)

is density matrix controllable if, for each pair of unitarily equivalent density matrix
ρ1 and ρ2 , there exist control functions u and a time T > 0 such that the solution
ρ(t) of equation (2.19) at time T , with initial condition ρ1 , satisfies ρ(T ) = ρ2 .
The following theorems give the criteria to verify the controllability of the
equations (2.17−2.19).
Theorem 1. The Schrödinger equation (2.17) is pure state controllable if and
only if the Lie algebra L generated by span{−iH(u), u ∈ U} satisfies one of the
followings
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1. L = u(n)
2. L = su(n)
3. L = span{iIn×n } ⊕ L̃
4. L is conjugate to sp( n2 )
where n is the dimension of the corresponding Hilbert space, u(n) is the Lie algebra
of anti-Hermitian n × n matrices, su(n) is the Lie algebra of zero trace antiHermitian n × n matrices, sp( n2 ) is the symplectic Lie algebra, L̃ is a Lie algebra
conjugate to sp( n2 ) and ⊕ denotes the direct sum between the Lie algebras.
Theorem 2. The Schrödinger operator equation (2.18) is operator controllable if
and only if the Lie algebra L generated by span{−iH(u), u ∈ U} satisfies one of
the followings
1. L = u(n)
2. L = su(n).
Theorem 3. The Liouville equation (2.19) is density matrix controllable if and
only if it is operator controllable.
The set of all operators that can be reached through the system (2.18), the
reachable set, is the connected Lie group R associated with the Lie algebra L as
R = eL .
Therefore when the system is operator controllable, according to Theorem 2
eL = U (n) or eL = SU (n), where U (n) and SU (n) denote the unitary and special
unitary Lie groups respectively.
As mentioned above, Definitions 1, 2 and 3 and their corresponding theorems are just applied to closed quantum systems with open-loop control. For open
quantum systems, the following Liouville equation describes the dynamics
d
ρ(t) = −i[H(u(t)), ρ(t)] + Lρ(t),
dt
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(2.20)

where L corresponds to non-Hermitian superoperators representing interactions
with the environment. In this case, the pure state controllability (Definition 1)
makes no sense as the set of pure states is not invariant under non-Hermitian operations. Operator controllability (Definition 2) may be extended to this case by
replacing unitary operators with completely positive maps. Density matrix controllability (Definition 3) is also defined for open quantum systems as before without
the constraint of unitarily equivalence controllability. However the controllability
of open quantum systems is still an open problem.
For closed-loop control, it has been shown that it is generally more powerful
than open-loop control, especially for open quantum systems.
The controllability theorems do not usually provide constructive methods to
design control laws. A very powerful tool to achieve quantum control objectives is
optimal control techniques that is described in the following section.

2.2.2

Optimal Control

It is possible to formulate a quantum control task as an optimal control problem. In this approach the objective is to find admissible control functions u(t) such
that satisfy the system dynamics equations and simultaneously optimize an objective functional. The quantum optimal problem may be considered as minimizing
the control time, minimizing the control energy, maximizing the fidelity between
the final states (operator) and the target states (operator), or a combination of
such requirements. A general objective functional can be written as
Z
J(u) = φ(ψ(T ), T ) +

T

L(ψ(t), u(t), t)dt,

(2.21)

0

where T is the control time and φ and L are some smooth functions with proper
domains. The minimum time problems may be associated with the first term while
minimizing the energy during the control action may be formulated like the second
term.
Quantum control problems can be formulated as a bilinear control system
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and then the optimal control techniques can be applied to solve the problem. In
the followings the bilinear method is described.

2.2.3

Bilinear Model

The dynamics of the quantum system in the bilinear model is governed by
the following Hamiltonian
H(t) = H0 + Hc (t),

(2.22)

where H0 is the free (without control) system Hamiltonian and

Hc (t) =

M
X

uk (t)Hk ,

(2.23)

k=1

is the control Hamiltonian. Here, Hk are time independent Hermitian Hamiltonians
and uk (t) ∈ R are called control fields.
The controllability of the system can be checked through observing the Lie
algebra L generated by the set span{−iH0 , −iHk ; k = 1, ..., M } and considering
the theorems given in section 2.2.1.
In the following, it is described how to obtain the control fields uk (t) that
realize an specified target operator in a closed quantum system. Using the bilinear
model, Eq. (2.18) is written as

U̇ (t) = −i H0 +

M
X

!
uk (t)Hk

U (t),

(2.24)

k=1

with the formal solution
( Z
U (t) = T exp −

t0

dt0 (H0 +

0

M
X

)
uk (t0 )Hk ) ,

(2.25)

k=1

where T denotes the Dyson’s time ordering operator. As the objective functional,
the following fidelity can be defined
h
i
1
†
Tr Utarget U (T ) ,
F (u) =
N
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(2.26)

where u is the concatenation of all uk and T is the total control time. The fidelity
in Eq. (2.26) is actually an special case of the objective functional Eq. (2.21). The
optimization problem is therefore expressed as

max F (u).
u

(2.27)

In the simplest case the control fields are considered piecewise constant
functions of time and the control time is divided into equal pieces accordingly.
Eq. (2.24) can then be solved easily in each time interval. The total time evolution operator is obtained by multiplying the partial time evolution operators in
the reverse order. Starting by an initial guess for the piecewise constant control
fields, The values of the control pulses are improved through solving the optimization problem (2.27) using for example the second order method Broyden-FletcherGoldfarb-Shano (BFGS) (Nocedal and Wright (2006)).
In chapter 4 it is described how to apply the above model to find a set of
control fields that implement the Toffoli gate in a chain of three superconducting
qubits.
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Chapter 3
Superconducting Qubits and Circuit
Quantum Electrodynamics
In this chapter superconducting charge qubits are described and their coupling to the transmission line resonator discussed. In section 3.1 the Josephson
junction which consists the basis of the superconducting qubits is explained. Using Josephson junction it is possible to realize three basic types of superconducting
qubits; charge, flux and phase qubits. However, just the charge qubits are considered here, and are described in section 3.2. The transmon qubit which is a
variation of the charge qubit but with a less sensitivity to the charge noise is then
introduced. Finally, in section 3.3, the coupling of the superconducting charge
qubits to the transmission line resonator is considered. Using Such a setup it is
possible to manipulate the single qubit as well as to couple multiple qubits to
realize multiqubit gates.
In writing the section of Josephson junction and superconducting charge
qubits Makhlin et al. (2001) has been used as the main reference. The section
for transmon qubit is based on the work of Koch et al. (2007). The material for
circuit QED have been extracted from Blais et al. (2004) and Blais et al. (2007).
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3.1

Josephson Junction
The state of a superconductor is described by a global wave function ψ(r)

that can be written as
ψ(r) = |ψ(r)|eiθ(r) ,

(3.1)

where |ψ(r)|2 is the Cooper pair (electron pair) density at the position r and θ(r)
is the phase of the wave function. The electromagnetic current associated with the
Cooper pairs under the influence of the magnetic field B(r) that is derived from a
vector potential A(r) (B = ∇ × A) is given by
J=

2e 2
|ψ| (~∇θ − 2eA),
m

(3.2)

where e and m are the electron charge and mass.
By substituting the current given in Eq. (3.2) into the Maxwell equation
∇ × B = µ0 J, it can be shown that the magnetic field cannot penetrate the bulk of
the superconductor but decreases exponentially from its surface (Meissner effect).
An important consequence of the absence of the current inside the bulk of the
superconductor is the quantization of the magnetic flux Φ that passes through a
superconducting ring. Actually, such a flux can be written as Φ = nΦ0 where
Φ0 = h/2e is the flux quantum and n is an integer.
A Josephson junction is made of two superconductors that are separated by
a thin layer of insulating material (see Fig. 3.1). The corresponding wave functions
in different sides can be coupled due to the tunneling of Cooper pairs between the
two superconductors. Consequently, the so-called Josephson current

I = Ic sin ϕ,

(3.3)

is created across the junction. Here, ϕ is the phase difference between the two
wave functions and Ic is the so-called critical current, that is the maximum current
that can be passed through the junction through tunneling. Moreover, the phase
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Insulator
Superconductor
Superconductor

Cooper Pair

Figure 3.1: A Josephson junction consists of two superconductors that are separated by a thin layer of insulating material. The super current is created due to
the phase difference between the two wave functions in different sides.

difference across the junction evolves according to
dϕ
2π
=
V,
dt
Φ0

(3.4)

where V is the voltage across the junction.
The energy stored in an ideal Josephson junction is calculated as
Z
UJ =

Ic Φ0
IV dt =
2π

Z

sin ϕdϕ = EJ (1 − cos ϕ),

(3.5)

where EJ = Ic Φ0 /2π is called the Josephson energy.
A Josephson junction can be considered as a nonlinear inductor whose inductance can be obtained by using Eqs. (3.3) and (3.4)

LJ =

V
V
Φ0
=
=
.
dI/dt
Ic cos ϕdϕ/dt
2πIc cos ϕ

(3.6)

A physical Josephson junction moreover consists of a capacitance element with
corresponding capacity CJ and the charging energy EC (see Fig. 3.2).
Superconducting qubits are constructed using Josephson junctions. Three
basic kinds of superconducting qubits, can be realized where in each case the
physical nature of the quantum states are different. They are charge qubits, flux
qubits and phase qubits. In this thesis just the charge qubits are considered and
are described in the next section.

22

EJ
l

l

CJ

Figure 3.2: The circuit symbol for the Josephson junction is a cross inside a box
that indicates a physical Josephson junction consists of both the inductance and
the capacitance elements.

3.2

Superconducting Charge Qubits
The simplest superconducting charge qubit consists of a superconducting box

that is coupled to a superconducting electrode via a Josephson junction. The
system is also coupled to a control gate voltage Vg via a gate capacitor Cg . The
circuit of the charge qubit is depicted in Fig. 3.3. The Hamiltonian of the system
can be written as
H = EC (n̂ − ng )2 − EJ cos ϕ̂,

(3.7)

where
EC =

(2e)2
,
2(CJ + Cg )

is the electrostatic energy of the capacitors and the dimensionless gate charge
ng = Cg Vg /2e accounts for the gate voltage and acts as a control parameter. The
operators n̂ and ϕ̂ are the number operator of the excess cooper pairs in the box
and the junction phase difference operator, respectively. The operators n̂ and ϕ̂
are canonical conjugate quantities and satisfy the canonical commutation relation
[n̂, ϕ̂] = −iI. In the charge basis {|ni}, where n̂|ni = n|ni, the Hamiltonian can
be written as

H=

X
n


1
EC (n − ng ) |nihn| − EJ (|nihn + 1| + |n + 1ihn|) .
2
2
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(3.8)

Island
Superconductor

Superconductor

Cg

Vg
Junction

Figure 3.3: A schematic representation of the charge qubit.

Here, it is assumed that the charging energy is much larger than the Josephson
energy, EC  EJ , the so-called charging regime. Therefore, the first term in the
Hamiltonian (3.8) is dominant except when ng is close to a half integer number.
Considering the case ng ' 1/2, the energy splitting between the first two levels
is of order of EJ . The higher energy states however are well separated from the
two lowest energy states hence can be ignored while concentrating around the
degeneracy point ng = 1/2. Figure 3.4 shows the energy of the first two levels in
terms of the gate charge ng . The Hamiltonian (3.8) can then be written as
1
H = EC (ng )2 |0ih0| + EC (1 − ng )2 |1ih1| − EJ (|0ih1| + |1ih0|),
2

(3.9)

where in the language of spin-1/2 systems in terms of the Pauli matrices it takes
the form
1
1
H = − Bz σz − Bx σx ,
2
2

(3.10)

where Bz = EC (1 − 2ng ) and Bx = EJ are the bias energy and the tunneling
amplitude, respectively. The Pauli Z and X matrices are given by








1 0 
0 1 
σz = 
 , σx = 
.
0 −1
1 0
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depends on the Josephson energy EJ . It is possible to perform the required singlequbit operations just by changing the gate voltage.
However, it is desirable to have control over the tunneling amplitude as
well. Actually, it is possible to obtain an effective Josephson junction with tunable
energy. To do so, the single Josephson junction is replaced by a superconducting
loop which is interrupted by two junctions, the so-called superconducting quantum
interference device (SQUID). The circuit of such charge qubit is depicted in Fig. 3.5.
The loop is also biased by an external flux Φext . If the self-inductance of the loop is

Φext

Cg

Superconductor Island

Superconductor

Junction

Vg

Junction

Figure 3.5: A schematic representation of a charge qubit with a SQUID instead
of a single junction. In this form of charge qubit the effective Josephson energy is
tunable.

low and the two junctions are identical, with the same energy EJ0 , the Hamiltonian
of the system takes the same form as of Eq. (3.10) but with the effective Josephson
energy for the tunneling amplitude

Bx = EJeff (Φext ) = 2EJ0 cos(π

Φext
),
Φ0

which is tunable. The effecting junction capacitance here is the sum of individual
capacitance of the two junctions which is CJ = 2CJ0 in the symmetric case.
However, experimentally it cannot be guaranteed with high precision that the
two junctions are identical. Therefore the loop is provided with three junctions
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that gives the possibility to exactly tune the parameters.
The superconducting charge qubits are very sensitive to the charge noises.
It is possible to decrease this sensitivity by slightly changing the corresponding
circuit. In the next section the transmon qubit which is more robust against
charge noise is introduced.

3.2.1

Transmon Qubit

The charge qubits that are working in the charging regime EJ /EC  1 are
sensitive to the charge noise. This is because of the sharp dependency of the charge
qubits energy levels to the gate voltage around the degeneracy point ng = 1/2 (see
Fig. 3.4). Deviating from the degeneracy point leads to a rapid change in the
transition energy between the two levels hence results in a fast dephasing due to
the random fluctuations in the gate voltage (confer Eq. 3.11 and 3.12).
The main idea of the transmon qubit is to eliminate this problem by making
small the charge dependencies of the energy levels. This can be done by increasing
the EJ /EC ratio as it is shown in Fig. 3.6. The graphs demonstrate the charge
qubit three lowest energy levels in terms of the gate voltage ng for different values
of EJ /EC . The energy levels correspond to the energy spectrum of the Hamiltonian (3.7) with n̂ = −id/dϕ. They show that the energy levels become gradually
flat as the ratio EJ /EC increased. A detailed analysis shows that the suppression
p
of the charge sensitivity is exponential in parameter 8EJ /EC .
The only drawback of increasing the ratio EJ /EC is that it makes the level
spectrum to approach that of a harmonic oscillator where the levels are separated
by the same energy. However, it can be shown that while the suppression of the
charge sensitivity decreases exponentially, the anharmonicity of the levels decreases
polynomially with a small power law in EJ /EC . Therefore, it is possible to greatly
reduce the charge sensitivity of the energy levels and simultaneously have sufficiently anharmonicity for the qubit operations.
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CHARGE-INSENSITIVE QUBIT DESIGN DERIVED FROM…
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g = gex in x direction, g
The sensitivity of a qubit to noise can often be optimized
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pressed in terms of its ang

the circuit is given by Eq. (3.7) where the charging energy

EC =

(2e)2
2(CJ + CB + Cg )

can be made small compared to the junction energy by means of the additional
capacitance CB .
In order to control the state of the transmon qubit and performing logic gates,
the qubit is embedded in a superconducting transmission line resonator. Such a
setup which is called circuit quantum electrodynamics (circuit QED) provides also
a system for coupling several transmon qubits to perform multiqubit quantum
gates. The next section is devoted to explain the cirquit QED setup.
3.3

Circuit Quantum Electrodynamics
To implement two-qubit gates the pairs of qubit should be coupled together

and the interaction between them be controlled. There are various methods to couple the superconducting qubits together. One possibility is to connect the superconducting boxes directly via a capacitor which results in an Ising type interaction
term, σkz σlz in the Hamiltonian. Another way is to connect the superconducting
circuits in parallel to a common LC oscillator which results in an interaction term
of type σky σly where the Pauli σy is given by




0 −i
σy = 
.
i 0
The method which is discussed here is to couple the superconducting qubits
to a single mode of a transmission line resonator. A transmission line resonator is a
device where an electromagnetic field is guided along it from one point to another.
The length of the transmission line can be much longer than the wavelength of the
field that is contained by it. It is possible to model the transmission line resonator
by a circuit of infinitely many of infinitesimal LC oscillators. The Hamiltonian of
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the transmission line resonator is then proved to be

H=

∞
X

~ωn (a†n an + 1/2).

(3.14)

n=1

Eq. (3.14) is the Hamiltonian of an infinite set of independent harmonic oscillators
where a† and a are creation and annihilation operators, respectively, and ωn are
the frequencies corresponding to the resonator modes. In many situations it is
sufficient to keep just a single resonator mode hence the Hamiltonian takes the
form
H = ~ωr (a† a + 1/2),

(3.15)

where ωr is some specified mode frequency.
Figure 3.8 shows the circuit QED architecture. The transmission line resonator consists of a full-wave section of superconducting coplanar waveguides. The
superconducting charge qubit is placed between the two superconducting lines and
capacitively coupled to the central line where the voltage standing wave is in maximum. In this case the Hamiltonian of the qubit is similar to Eq. 3.8 however the
dimensionless gate charge ng should be replaced by

ng =

Cg
Cg dc
(Vg + v̂) = ndc
v̂,
g +
2e
2e

where Vgdc is the dc part of the voltage and v̂ is the quantum part of the voltage
due to the resonator. The latter is given by
r
v̂ =

~ωr †
(a + a),
cL

where L is the resonator length and c denotes the capacitance per unit length of
the transmission line.
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where

Ω=

1q 2
2
EJ + EC2 (1 − 2ndc
g ) ,
~

η = tan−1 (EJ /EC (1 − 2ndc
g ),
r
~ωr
eCg
,
g=
~(Cg + CJ ) cL
and σz and σx are the Pauli matrices after expressing in terms of the new basis. At
the degeneracy point where ndc
g = 1/2 (η = π/2) applying the so-called rotating
wave approximation reduces the Hamiltonian (3.18) to
1
H = − ~Ωσz − ~g(a† σ − + aσ + ) + ~ωr a† a
2

(3.19)

where σ ± = (σx ± iσy )/2 and all the overlines have been dismissed for simplicity.
The Hamiltonian (3.19) is the so-called Jayness-Cummings Hamiltonian.
Up to this point it has been described how to couple a qubit to a transmission
line resonator. In the rest of this section it is described how to realize single- and
multi- qubit operations.
Single qubit gates can be realized by microwaves drive pulses applied on the
resonator. A microwave drive can be described by the Hamiltonian

Hd = εd (t)(a† e−iωd t + aeiωd t )

(3.20)

where εd (t) is the amplitude and ωd the frequency of the drive. To see the effect
of the drive on the qubit the microwave drive Hamiltonian (3.20) is added to the
Hamiltonian (3.19) and the total Hamiltonian is undergone the transformation
U (H + Hd )U † with U is given by
U = exp

hg
∆

i
(aσ + − a† σ − ) ,

(3.21)

where ∆ = Ω − ωr is called detuning. For large values of detuning compared to
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the coupling g (small values of g/∆) expanding the transformation to the second
order in g/∆ results

U (H + Hd )U † ≈

g2
1
g
~
[Ω − ωd + 2 (a† a + )]σz + ~ εd (t)σx +
2
∆
2
∆
~(ωr − ωd )a† a + ~εd (t)(a† + a),

(3.22)

in a frame rotating at the drive frequency ωd . Depending on the frequency and
amplitude of the drive different quantum gates can be realized.
It is possible to place multiple qubits along the transmission line resonator
and implement multiqubit gates. For multiple qubits that are coupled to a transmission line resonator the Hamiltonian takes the form

H=

X
k

X
1
~gk (a† σk− + aσk+ ) + ~ωr a† a,
− ~Ωk σkz −
2
k

(3.23)

where k runs over the qubits. Considering the transformation
"

#
X gk
U = exp
(aσk+ − a† σk− ) ,
∆
k
k

(3.24)

with ∆k = Ωk − ωr and applying on the Hamiltonian (3.23) results
†

†

U HU ≈ ~ωr a a + ~
~

X

X
k

X g2
gk2
k †
(Ωk +
)σkz + ~
a aσkz +
∆k
∆k
k

Jkl (σk− σl+ + σk+ σl− ),

(3.25)

k>l

where
Jkl = gk gl (

1
1
+ ),
∆k ∆l

shows an effective coupling between any pairs of the qubits.
The last term in Hamiltonian (3.25) can be written as

2~

X

Jkl (σkx σlx + σky σly ),

k
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(3.26)

which shows an XY type interaction between any pair of the qubits. Evolution of
the system under such coupling together with the single qubit manipulation can
be used to realize CN OT gate.
However, as it was mentioned in section 2.1.2 it is possible to design microwave drive pulses to realize the multiqubit gates directly. In the next chapter
it is described how to design a set of microwave pulses to realize the three qubit
Toffoli gate.
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Chapter 4
Implementation of the Toffoli Gate in
Systems with Imperfections
In this chapter we study the effects of imperfections on the fidelity of the
Toffoli gate that can be realized in the circuit QED setup using quantum control
methods. The noise is introduced in the interqubits interactions. The coupling
constants are no longer fixed, instead, they fluctuate around average values obeying
some given probability density functions characterizing the dynamical-imperfection
case. We also consider the static-imperfection case in which the values of the
coupling constants are not exactly known.
The chapter is organized as follows. section 4.1 is an overview of the quantum
control method proposed by Stojanović et al. (2012) to realize a Toffoli gate in the
circuit QED setup. The noise model is then described in section 4.2. Sections 4.3
and 4.4 are devoted to analyzing the effects of the dynamical and static noise on
the gate fidelity.
4.1

Review of the Implementation of the Toffoli Gate in the Perfect
System
In chapter 3 it is described how transmon qubits can be coupled together

within circuit QED through a transmission line resonator and controlled through
resonant microwave drives. The interaction Hamiltonian of an array of three transmon qubits coupled to a superconducting transmission-line resonator can be effec35

tively described by an XY -type (flip-flop) Hamiltonian

H0 =

X

Jij (σix σjx + σiy σjy ) ,

i, j = 1, 2, 3

(4.1)

i<j

where Jij are coupling constants and σix and σiy are Pauli X and Y matrices,
respectively. This system is manipulated by a Zeeman-like Hamiltonian

Hc (t) =

3
X

(i)
[u(i)
x (t)σix + uy (t)σiy ],

(4.2)

i=1

(i)

(i)

with control fields ux (t) and uy (t) affecting the qubits in x and y directions.
Therefore, the system dynamics is governed by the total Hamiltonian

H(t) = H0 + Hc (t).

(4.3)

These control fields can be implemented through wave generators. However,
to keep the transmon qubits well-defined two-level systems, the fields cannot be
arbitrarily large. The norm

umax

q
(i)
(i)
= max [ux (t)]2 + [uy (t)]2
i,t

(4.4)

is then restricted to be smaller than some threshold value.
The controllability of the system can be verified by considering the Lie algebra generated by span{−iH0 , −iσjx , −iσjy ; j = 1, 2, 3} which is actually the Lie
algebra su(8). This algebra provides the operator controllability of the system.
Finding the control fields that implement the Toffoli gate is a numerical
optimization problem. A given gate time tg is divided into Nt (even number)
intervals of the same time length T . Then, the set of fields is supposed to be
constant in each interval and is acting on the related qubits alternating between
the x and y directions.
In the first interval 0 ≤ t ≤ T , three x-control pulses with constant ampli-
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(i)

tudes ux,1 are applied to all three qubits. The dynamics is then governed by the
Hamiltonian
Hx,1 = H0 +

3
X

(i)

ux,1 σix .

(4.5)

i=1
(i)

In the second interval T ≤ t ≤ 2T , the y-control pulses with amplitudes uy,1 are
applied leading to the Hamiltonian

Hy,1 = H0 +

3
X

(i)

uy,1 σiy .

(4.6)

i=1

This process is repeated Nt /2 times to complete all Nt intervals. These timeindependent Hamiltonians for each interval lead to the time evolution operators

Ux,n = exp(−iHx,n T )

(4.7)

Uy,n = exp(−iHy,n T )

(4.8)

respectively in corresponding intervals, where n = 1, . . . , Nt /2.

The product

Uy,n Ux,n in the reverse order, is the time evolution operator U (t = tg ).
The values of the 3Nt control fields are obtained through maximizing the
fidelity
F =



1
Tr U † (tg , Nt , u, {Jij }) UToff ,
8

(4.9)

where u is the concatenation of all control pulses and UToff is the Toffoli gate that
is given in Eq. (2.7). The optimized control fields are obtained through numerical
maximization of the fidelity with an initial guess for the fields. The minimum gate
time for a given fidelity can also be obtained by starting with a sufficiently large tg
and then gradually decreasing its value. The values of Nt and T that are related
through tg = Nt T should be selected such that the corresponding pulse sequence
can be generated experimentally.
The piecewise-constant control pulses obtained here can be filtered through
a low-pass filter such that they can be generated by an actual wave generator.
Using the product formula approach suggested in Heule et al. (2010), it is possible
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to obtain the fidelities for the filtered control fields.
Assuming umax < 130 MHz, J = 30 MHz and J12 = J23 = 6J13 = J, the
Toffoli gate can be realized with a fidelity larger than 99% in 4.18J −1 = 140 ns
with Nt = 20 control intervals. In the following sections we focus on this specific
realization.
4.2

Noise Model
In this section we introduce our noise model that is applied to simulate the

imperfections in the Toffoli gate implementation. We are specially interested in
the case where the interactions between the qubits are noisy. Each Jij in Eq. (4.1)
is considered to be independently coupled to a stochastic variable described by

Jij (t) = J¯ij (1 + ij (t)) ,

(4.10)

where J¯ij are average coupling strengths and ij (t) are independent Gaussian random variables for different subindices. This noise model has been used in many
physical contexts and can be seen as an effective behavior when we average out
the effect of the environment over the main system (Strack and Sachdev, 2011).
We suppose that all ij (t) have the same mean and variance and change their
values in time simultaneously with a fixed frequency fc . Then, they remain fixed
during the time interval τc = 1/fc :

(t) = (k) ,

(k − 1)τc ≤ t < kτc ,

(4.11)

where we have omitted the subindices because all components have the same behavior. The random variables (k) are supposed to be independent and identically
distributed (iid) Gaussian random variables in different time intervals with expectation E[(k) ] = 0 and variance E[((k) )2 ] = σ 2 < ∞, where k runs over integer
values.
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The autocorrelation function, R(τ ), for (t) can be calculated as

R(τ ) = h(t)(t + τ )i
Z +tM
1
= lim
(t)(t + τ )dt
tM →∞ 2tM −t
M
Z +(M τc +∆tM )
1
= lim
(t)(t + τ )dt,
M →∞ 2(M τc + ∆tM ) −(M τ +∆t )
c
M

(4.12)

where tM can be written as M τc + ∆tM with some integer M and 0 ≤ ∆tM < τc .
Moreover, τc is supposed to be finite and different from zero. In order to calculate
the last integral in Eq. (4.12), first we note that
Z

kτc

Z
(t)(t + τ )dt =

(k−1)τc

kτc −τ

Z

kτc

(t)(t + τ )dt +
(t)(t + τ )dt,
kτc −τ
(k−1)τc
{z
}
|
{z
} |
II

I

where 0 ≤ τ ≤ τc and the right hand side integrals are calculated as
Z

kτc −τ
(k) (k)

I=

(k) 2

Z

kτc −τ

  dt = ( )
(k−1)τc

Z

(k−1)τc

kτc
(k) (k+1)

 

II =

(k) (k+1)

Z

dt = ((k) )2 (τc − τ ),
kτc

dt =  

dt = (k) (k+1) τ.

kτc −τ

kτc −τ

Therefore,
1
M →∞ 2(M τc + ∆tM )
!
M
M
X
X
((k) )2 + τ
(k) (k+1) + Res(∆tM ) ,
(τc − τ )

R(τ ) = lim

k=−M

k=−M

where the residual function Res(∆tM ) is bounded,

Res(∆tM ) ≤ |(τc − τ )((k) )2 | + |τ (k) (k+1) | < ∞.
Having performed the same calculations in the case of −τc ≤ τ ≤ 0 we finally
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obtain
h(t)(t + τ )i =

 

 1−

|τ |
τc

0,






σ 2 , −τc ≤ τ ≤ τc

(4.13)

otherwise.

The power spectral density (Fourier transform of the autocorrelation function), which displays the essence of the noise, is given by
 ωτ 
σ 2 τc
c
S(ω) = √ sinc2
.
2
2π

(4.14)

In section 4.3 we describe how we simulate the effect of noise on the fidelity
for values of τc such that τc ≤ tg where tg is the gate time. For τc > tg we are only
interested in the limit τc → ∞. In this case the power spectral density function
approaches to the delta function on zero, which corresponds to a fixed noise in the
system. It means that the value of the random variable remains fixed for ever.
Physically, this situation is associated with inaccuracies in the system parameters.
This situation is analyzed in section 4.4.
4.3

Analyzing the Dynamical Imperfections
Using the noise model introduced in the previous section, we analyze here

the implementation of the Toffoli gate when the system is affected by dynamical
imperfections. We actually investigate how the gate fidelity is affected by the noise
in the system. Then, the system Hamiltonian Eq. (4.1) undergoes noise while the
control Hamiltonian Eq. (4.2) is maintained perfect (without noise). The scenario
is to apply a set of control fields optimized for the perfect system to an imperfect
system. In other words, we analyze the sensitivity of the control fields to the noise
in the main system.
We start by obtaining a set of optimal control fields implementing the Toffoli
gate in the perfect system. The fields can be found by maximizing the fidelity
given by Eq. (4.9) using the parameter values given at the end of section 4.1. To
be close enough to the global optimal solution, we carry the maximization process
over 200 random initial guesses and then select the set of fields with largest fidelity.
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In our noisy system, the couplings Jij in Eq. (4.1) remain no longer fixed
and evolve according to Eq. (4.10). There are three different coupling constants
and, in principle, the noise affect each of them independently. We are imposing
that J¯12 = J¯23 = 6J¯13 = J¯ and we are assuming that the random variables ij (t)
associated with those couplings have the same mean, variance and characteristic
frequency. Under those assumptions, we will show later on in this section that
introducing the noise only in J is essentially equivalent to introduce the noise in
the three coupling constants. This explains why we can drop the subindices of
ij (t) and call the random variable simply by (t).
Let (t) change its value with a fixed frequency fc = 1/τc . We generate tg fc
random numbers independently according to a Gaussian distribution with a zero
mean and standard deviation σ. Accordingly, we have a realization of (t) as

(t) =

tg fc
X

(k) χ[(k−1)τc ,kτc )

k=1

t ∈ [0, tg ),

(4.15)

and therefore J(t) according to Eq. (4.10). The function χ is defined as

χ[(k−1)τc ,kτc ) =



 1,

t ∈ [(k − 1)τc , kτc )

(4.16)


 0, otherwise.
We also set the value of fc such that the product tg fc becomes integer.
It is now possible to calculate the time evolution operator for the noisy
system using the total Hamiltonian H0 (J(t))+Hc (t) with those values of J(t) above
realized. Here, we just note that for T /τc > 1 each term in Eqs. (4.7) and (4.8) is
replaced by a product of exponentials of time-independent Hamiltonians in each
τc . The corresponding fidelity for that realization can then be calculated using
Eq. (4.9).
The next step is to calculate the average fidelity, which is obtained by repeating the above process with the same fc and σ for a large number of realizations
of (t) within the corresponding time interval and summing over all fidelities and
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dividing by the total number of realizations. Finally, using this method systematically, we obtain the fidelity as a function of σ with a fixed fc .
Figure 4.1 shows the average fidelity as a function of σ for tg fc = 200, 100, 40,
20, 10, 5, 2, 1 from top to bottom, respectively. The number of realizations per each
fixed σ for the first four items is 10,000 and for the last four items is 100,000.
The average fidelity decreases for all frequencies when the standard deviation σ
increases, confirming our intuition about the effect of the decoherence over the
coherent evolution. Notice that the average fidelity quickly drops to small values
specially when tg fc = 5.
For a given σ, the fidelity is less affected when the noise characteristic frequency is high (tg fc  1). In other words, the high-frequency noise generates less
decoherence. This observation in our simulations can be justified first of all in
terms of our noise model specially by looking at the power spectral density given
by Eq. (4.14). As the noise frequency increases (τc → 0), the power spectral density function approaches zero for all ω. This means that the noise disappears and
the fidelity remains unaffected.
However, an alternative way to analyze this result is using the theorem given
by Facchi et al. (2005). The time evolution of the system over each control time
T = τc N is given by

UN (T ) =

N
Y

exp[−i(H̄ + (k) H̄0 )τc ],

(4.17)

k=1

where H̄0 and H̄ are obtained from H0 and H, Eq. (4.1) and Eq. (4.3) respectively,
after replacing {Jij } by {J¯ij }. Expanding the product, we can write the result up
to the first power of T as
N
iH̄0 T X (k)
 .
1 − iH̄T −
N k=1
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But according to the weak law of large numbers

lim

N →∞

!
N
1 X (k)
 − E[(k) ] > ε = 0,
N k=1

(4.18)

and thus the first power of H̄0 T as well as all the higher powers approach zero in
probability, hence


lim k UN (T ) − exp(−iH̄T ) k> ε = 0.

N →∞

(4.19)

Therefore, the effect of noise disappears if the characteristic frequency τc−1 is sufficiently high.
The validity of Eq. (4.19) can be also verified by decreasing the number of
realizations, that is, performing an average with smaller samples. In this case,
the resulting plots will be no longer smooth. Actually, the points in each plot
are scattered around the average curve. However, the smoothness of the plots
corresponding to high frequencies are less affected. In another words, the plots for
higher frequencies are less sensitive to the number of realizations.
√
P
(k)
However, using the central limit theorem, η = limN →∞ N
k=1  / N goes
to a Gaussian distribution with the same mean and variance of (k) . Therefore, for
finite but large N Facchi et al. (2005)
√
UN (T ) ∼ exp(−iH̄T ) exp(−iη H̄0 T / N ),

(4.20)

which shows how the error enters in each control step T of the implementation
and the errors will eventually reduce the gate fidelity. This result is not valid for
intermediate values of N , since the terms corresponding to the nonzero commutator
brackets of H̄0 and H̄ become also important.
Figure 4.1 also shows that for a fixed σ the average fidelity decreases when
we decrease the noise frequency from tg fc = 200 until tg fc = 5 and the fidelity
has the opposite behavior from tg fc = 5 until tg fc = 1. This behavior can be
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explained from the effect of the control pulses on an imperfect system. When the
control-pulse frequency is close to the noise frequency, τc−1 = T −1 , its effect helps
to protect the system against decoherence, similar to dynamical decoupling Viola
et al. (1999); Lidar (2012). When we increase the noise frequency, the control-field
effect becomes less relevant, and for tg fc > 5 it plays almost no role at all.
Finally, Figure 4.1 shows that the curves apparently converge to the same
average fidelity for sufficiently large σ. The limiting average fidelity is close to
1/d = 0.125, which corresponds to the one obtained from the full randomizing map
ε(ρ) = I/d, where ρ is an arbitrary (pure) state and d the Hilbert space dimension.
However, this saturation value (0.125) can be obtained if the randomness in the
gate parameters uniformly generates all elements in SU (8), and if we end up in a
Lie subgroup of SU (8), the saturation value can be different (Heule et al., 2010).
What we observe after performing simulations with large values of σ is that the
saturation values are not exactly the same, but slightly different depending on the
noise frequency. Therefore, fixing the control Hamiltonian and just changing the
coupling J does not seem to generate the whole SU (8) space. Figure 4.4 shows
the average fidelities for large values of standard deviation.
Now, we come back to justify why introducing one source of noise to J is
sufficient to obtain essentially the same results of having three independent sources
of noise affecting three couplings {J12 , J13 , J23 }. In the latter case, the exponent
in Eq. (4.17) is replaced by

−i(H̄ + (k) · H̄0 )τc ,
where
(k)

(k)

(k)

(k) = (12 , 13 , 23 ),

(4.21)

H̄0 = (H12 , H13 , H23 ),

(4.22)
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and
Hij = J¯ij (σix σjx + σiy σjy ) , i < j.
By using η = limN →∞

(4.23)

√
(k)

/
N instead of η, a similar reasoning to the
k=1

PN

one used for one J can be applied here to reach the same results as before for
high noise frequencies. Moreover, we have repeated the simulations with three
independent sources of noise and found essentially the same results for low noise
frequencies as well. Figure 4.2 shows the average fidelity as a function of σ in the
case of three independent sources of noise. Actually, increasing the number of noise
sources just leads to faster decay of average fidelity for all frequencies. Simulations
with six different couplings (different couplings in X and Y directions) and with
six independent sources of noise confirm the latter statement. Figure 4.3 shows
the average fidelity as a function of σ in the case of six independent sources of
noise. Moreover, in the new simulations, there is no universal saturation value.
Figures 4.5 and 4.6 show the average fidelities for large values of standard deviation
in the cases of three and six sources of noise.
4.4

Analyzing the Static Imperfection
As we have discussed at the end of section 4.2, the case τc → ∞ corresponds

to a fixed noise in the system, that is, the noise does not change in time. Such
a static noise can be associated with, for example, inaccessibility of measuring
exactly the system parameters such as the coupling constants. Static noises do not
lead to any decoherence, but introduce error into the gate implementation. It is
known that entanglement dynamics in similar systems remain almost unchanged
under the influence of uniform static noise when it is smaller than 10% (Tsomokos
et al. (2007, 2008)).
Analyzing the error for the static-imperfections case is mathematically equivalent to the case of dynamical noise with τc−1 = t−1
g . Again, we adjust the control
Hamiltonian for the perfect system and use it for a system with static imperfections. The coupling is given by Eq. (4.10) with a fixed random variable (t) =  for
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the whole evolution. Considering a uniform distribution for , we generate a large
sample of couplings with a given half-width δ and then calculate the corresponding fidelity using Eq. (4.9). After obtaining the sample average and repeating the
procedure for many values of δ, we find how the fidelity changes as a function of
the half-width. Moreover, we have decreased the noise level interval to be more
focused on the region with unaffected entanglement.
Figure 4.7 depicts the average fidelity as a function of the half-width δ.
The number of realizations per each fixed δ is 100,000. The diagram shows that
the average fidelity decreases when the half-width δ increases. Here, we have
focused on half-widths less than 0.5 because the experimental upper bound for
such superconducting qubit chain is quite below that (Tsomokos et al., 2007).
Actually for disorders such as δ ≤ 10%, the average fidelity remains above 97.83%.
Specifically, the fidelity decreases by 2% when the system affected by a uniform
noise with half-width less than 10%.
Actually, it is possible to obtain a more robust Toffoli gate that has a better
performance while affected by the static uniform noise. In the next chapter we
obtain a more robust gate by modifying the quantum optimization problem by
using a weighted average of the fidelity over an interval of coupling values as the
objective functional.
4.5

Summary and Conclusions
In this chapter we considered the effect of imperfections on a recently estab-

lished Toffoli gate realized in circuit QED with quantum control methods. The
implementation of the gate has been discussed in more details by Stojanović et al.
(2012). The total Hamiltonian here is bilinear and we studied the effect of imperfections on the system Hamiltonian by introducing noise in the interqubit couplings.
We showed that in the case of dynamical imperfections the average fidelity is less
sensitive to noise for high characteristic frequencies. Actually the effect of noise
completely disappears when the noise frequency is sufficiently high. For static
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noise we showed that the fidelity decreases by 2% when the system affected by
a uniform noise with half-width less than 10%. The results in this chapter have
been also discussed in (Moqadam et al., 2013) that is recently published in physical
review A.
Actually, the results in Stojanović et al. (2012) as well as those were discussed
in this chapter are valid under the two-level approximation, i.e., in the absence of
any significant leakage from the two-state computational subspace of the transmon
qubits. The parameter imperfections studied here can likely be incorporated in an
analogous fashion within a more complete multi-level analysis.
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Figure 4.1:
The average fidelity versus standard deviation σ for
tg fc = 1, 2, 5, 10, 20, 40, 100, 200. The set of control fields used in each case
has been obtained by maximizing Eq. (4.9), which leads to a fidelity about 99.83%
with respect to the perfect system.
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Figure 4.2: The average fidelity versus standard deviation σ in the case of three
independent sources of noise for tg fc = 1, 2, 5, 10, 20, 40, 100, 200. The set of control
fields used in each case has been obtained by maximizing Eq. (4.9), which leads to
a fidelity about 99.83% with respect to the perfect system.
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Figure 4.3: The average fidelity versus standard deviation σ in the case of six
independent sources of noise for tg fc = 1, 2, 5, 10, 20, 40, 100, 200. The set of control
fields used in each case has been obtained by maximizing Eq. (4.9), which leads to
a fidelity about 99.83% with respect to the perfect system.
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Figure 4.4: The average fidelity versus standard deviation at large values of σ in
the case of single source of noise for tg fc = 1, 2, 5, 10, 20, 40, 100, 200.
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Figure 4.5: The average fidelity versus standard deviation at large values of σ in
the case of three sources of noise for tg fc = 1, 2, 5, 10, 20, 40, 100, 200.
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Figure 4.6: The average fidelity versus standard deviation at large values of σ in
the case of six sources of noise for tg fc = 1, 2, 5, 10, 20, 40, 100, 200.
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Figure 4.7: The average fidelity versus half-width δ in the case of static imperfections. The set of control fields used here has been obtained by maximizing Eq. (4.9),
which leads to a fidelity about 99.83% with respect to the perfect system. Inset:
a zoom on the region 0 ≤ δ ≤ 0.1.
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Chapter 5
Improving the Gate Fidelity in Systems
with Imperfections
In chapter 4, we considered the set of control fields optimized for a fixed value
of coupling and then applied that set to a system with imperfections. Actually, we
have investigated there the performance of that specific set of fields in the presence
of noise. However, it is possible to find other sets of control fields that are more
robust to noise. In this chapter, we use the optimal control techniques to find
different sets of control fields which yield improved performances in systems with
imperfections.
In section 5.1 we find new sets of control fields that maximize a weighted
average of the fidelity over a given interval. The performance of the new sets of
fields in the presence of noise is analyzed in section 5.2. Finally, in section 5.3 by
more manipulating the objective functional we find another set of control fields
that are almost insensitive to the noise parameter.
5.1

Optimizing the Weighted Average Fidelity
The set of control fields which is used in chapter 4 is the solution u of the

optimization problem

max F u, J¯ ,
u
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(5.1)


where F is given by Eq. (4.9). But, the objective functional F u, J¯ uses a single
¯ and therefore the resulting optimal solution has the best
coupling value J = J,
fidelity at that specific coupling irrespective of the fidelity at points for which
¯ However, with noisy couplings a more robust set of control fields should
J 6= J.
¯ To this end,
have high fidelities also in the couplings that deviate from J = J.
we modify the objective functional such that it includes a range of coupling values
[J¯ − δJ, J¯ + δJ]. We solve the new optimization problem
Z

¯
J+δJ

F (u, J)w(J) dJ,

max
u

(5.2)

¯
J−δJ

where w(J) is an appropriate weight function enabling us to put different stress on
the points in the interval brought into the process of optimization. Actually, the
objective functional in problem (5.2) is a weighted average of the fidelity over an
interval of coupling values.
The solid line in Figure 5.1 depicts the fidelity in terms of J/J¯ for the fields
optimized for a single value of coupling J = J¯ obtained from solving problem (5.1).
Inspired by this plot, we set the weight function such that it has small values in
the vicinity of J/J¯ = 1 and large values in the outermost points of the interval. In
fact, by simply letting

w(J) =




0,







 1,

J
J¯

− 1 ≤ δ1
(5.3)

δ1 <

J
J¯

− 1 ≤ δ2 ,

we can find a new set of control fields leading to higher fidelities in points different
¯ Solving the new optimization problem with 200 random initial guesses
from J/J.
and choosing the fields with highest fidelity, we can approach to the global solution
in this case. The dotted line in Figure 5.1 depicts the corresponding fidelity in terms
¯ It can be
of J/J¯ for such set of fields with δ1 = 0.05, δ2 = 0.15, and δJ = 0.15J.
seen that the new optimal fields, comparing with the previous ones, have smaller
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Figure 5.1: Fidelity versus J/J¯ for three different sets of control fields: the solid
line corresponds to the fields obtained by maximizing Eq. (4.9), the dotted line
corresponds to the fields obtained by solving the new optimization problem (5.2)
with the weight function (5.3), and the dashed line shows the result by solving the
same problem but with the weight function (5.4). Inset: a zoom on the peak.
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fidelities in the vicinity of J/J¯ = 1 but larger in other points.
However, it is possible to improve the fidelities in the vicinity of J/J¯ = 1,
for this new set of optimal fields. We set the weight function as

w(J) = F (u0 , J)−1 ,

(5.4)

where u0 is the set of new optimal fields, i.e., the global solution of the problem (5.2) with the weight function (5.3). The dashed line in Figure 5.1 shows the
corresponding fidelity versus J/J¯ for such set of fields with δJ = 0.1J¯ and the
initial guess equal to u0 . The solid line in Figure 5.1 corresponds to the fields
obtained by maximizing Eq. (4.9).
In the next section we analyze the performance of the new sets of control
fields obtained here in the presence of imperfections.
5.2

Performance of the New Optimized Sets of Control Fields
In section 4.4 we analyzed the effect of the static imperfection on the fidelity

of the Toffoli gate. Having used the same method, In this section we show how the
static imperfection affects the fidelity of the gate implemented by the new sets of
control fields obtained in section 5.1. In the other words we analyze the robustness
of the control fields obtained by optimizing the weighted average fidelity in the
presence of static imperfection.
Considering Figure 5.1, we see that the dotted line has the best worst case
performance having the largest values at the boundaries J/J¯ = 0.5, 1.5. However,
in the narrower interval [0.9, 1.1]J¯ the dotted line and the dashed line have almost
the same worst case performance but the dashed line is above the dotted line in
a larger part of the interval. As described below, among the three sets of control
fields discussed here, the dashed line corresponds to the fields that have the best
performance in systems with static disorder less than 10%.
The performance of our new sets of control fields in the presence of noise can
be analyzed in the same way of section 4.4. In the case of static imperfections,
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the result for the fields optimized according to problem (5.2) with the weight function (5.3) is shown by dotted line in Figure 5.2. The dashed line in the same
figure shows the situation for the fields optimized with the weight function (5.4).
Specially, for 10% disorder (δ = 0.1) the corresponding fidelities are 98.47% and
98.67%, respectively, showing 0.64% improvement in the first case and 0.84% improvement in the second case, comparing to 97.83% [original problem (5.1)]. The
solid line in Figure 5.2 corresponds to the fields obtained in the original problem (5.1) that is the result from section 4.4 repeated here.
For the dynamical-imperfections case, when the noise frequency is high, the
resulting plots for the three sets of control fields remain almost the same because
the effect of control pulses plays no role in high noise frequencies. However, for low
noise frequencies tg fc = 5, 2, 1 (see section 4.3) the new sets of fields have better
performances.
5.3

Stable Toffoli Gate under the Influence of Static Imperfection
In section 5.1, we obtained two new sets of control fields that realize the

Toffoli gate with improved average fidelity in the presence of imperfection in the
system. The new sets of control fields, comparing to the original set, have more
smooth fidelities around the perfect coupling value J/J¯ = 1 (see Figure 5.1).
However, the fidelities can not be completely flat around J/J¯ = 1. In this section,
we modify the original objective functional in a way to obtain a set of control fields
having almost fixed fidelity in the interval |J/J¯ − 1| ≤ 0.1.
The desired optimization problem can be written as

¯ + F (u, J¯ + J0 )
max{ α F (u, J¯ − J0 ) + F (u, J)



u

¯ − F (u, J¯ − J0 ) − F (u, J¯ + J0 )
− β 2F (u, J)
− γ F (u, J¯ − J0 ) − F (u, J¯ + J0 ) },

(5.5)

where α, β and γ are some positive constants and J0 is a point different from
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¯ The first term in the optimization problem (5.5) causes the optimized solution
J.
has high fidelities in the central point J¯ as well as the end points J¯ ± J0 . The
second term, the sum of distances between the fidelity at the central point and the
end points, forces the optimized solution to have a smooth fidelity in the interval
[−J0 , J0 ]. Finally, the last term causes the solution has equal fidelities at the end
points.
The solid line in Figure 5.3 shows the fidelity in terms of J/J¯ for the fields
correspond to the global solution of the optimization problem (5.5) with α = 1,
¯ The set of control fields has been obtained by
β = 10, γ = 10 and J0 = 0.1J.
performing the optimization process over 200 random initial guesses. The corresponding fidelities in the interval |J/J¯ − 1| ≤ 0.1 vary in the range [0.918, 0.919].
The results from the optimizations problem (5.2) with the weight functions (5.3) and (5.4) have also been depicted in Figure 5.3 for comparison. If
the set of control fields with the flat fidelity in the interval |J/J¯ − 1| ≤ 0.1 is
applied to an imperfect system that has inaccuracy not larger than 10% on the
value of J, the fidelity is remained almost constant for any value of imperfection
in the interval 0 ≤ δ ≤ 0.1. Hence, although such a set of control fields has not
large fidelities at |J/J¯ − 1| ≤ 0.1 it can be considered as a stable realization of the
Toffoli gate that is not sensitive to the imperfect parameter.
5.4

Summary and Conclusions
In this chapter, we modified the optimization problem discussed in chapter 4

to obtain new solutions that are more robust in the presence of noise. By optimizing
the average fidelity with some special weigh functions, Eqs. (5.3) and (5.4), we
obtained new sets of control fields that lead to higher average fidelities in the case
of static imperfections. As discussed in chapter 4, the static imperfection with
half-width less than 10% half-width causes the average fidelity decrease by 2%.
However, the same noise decreases the average fidelities of the new sets of control
fields by less than 1.4% and 1.2% in each case, respectively.
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Moreover, we obtained another set of control fields that is almost insensitive
to static imperfection when the half-width is less than 10%.
Like chapter 4, the results in this chapter are also valid under the twolevel approximation, i.e., in the absence of a significant leakage from the twostate computational subspace of the transmon qubits. However, the parameter
imperfections studied here can likely be incorporated in an analogous fashion within
a more complete multi-level analysis.
The results in Sections 5.1 and 5.2 have been also discussed in (Moqadam
et al., 2013) that is recently published in physical review A.
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Figure 5.2: The average fidelity versus half-width δ (static imperfections) for three
different sets of control fields: the solid line corresponds to the fields obtained
by maximizing Eq. (4.9), the dotted line corresponds to the fields obtained by
solving the new optimization problem (5.2) with the weight function (5.3) and the
dashed line shows the result after solving the same problem but with the weight
function (5.4). The corresponding fidelities are about 99.83%, 99.47% and 99.83%
for the perfect system, respectively. Inset: a zoom on the region 0 ≤ δ ≤ 0.1.
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Chapter 6
Summary, Conclusions and Future
Works
In this thesis we study the implementation of the Toffoli gate in the systems with imperfections. The Toffoli gate here is realized through application of
a sequence of microwave control pulses in a chain of three superconducting charge
qubits coupled to a transmission line resonator. For the implementation the transmon qubits have been considered because they are more resistant to the charge
noise and have sufficiently large coherence time to realize the gate. The fidelity of
the gate in the ideal case is about 99.8%. However, due to the imperfections the
fidelity is decreased. We also calculate a new set of microwave control pulses that
not only have the same fidelity in the ideal case but also they are more robust to
the noise and show an improved performance in the presence of noise.
To simulate the imperfection we introduce the noise in the interqubit interactions in the system. In this way, the coupling values no longer remain fixed hence
randomly changes during the time. In the dynamical case, a nonzero frequency is
associated to the noise with which the noise realization is changed. We analyze
the performance of the set of control pulses that are optimized for the ideal case.
To do so, we consider different values for the noise frequency as well as a range of
values for the standard deviation of the noise distribution.
According to the numerical simulations, for every value of the noise frequency,
the average fidelity of the Toffoli gate is decreased when the standard deviation is
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increased. This is in accordance with our intuition about the decoherence over the
coherent evolution.
For a fixed value of the standard deviation, the high frequency noises are
less dangerous to the system because they generate less decoherence. Actually,
when the noise frequency is sufficiently high the effects of the noise disappear
and the system dynamics would be similar to the ideal case. Such a behavior
can be explained by looking at the noise model that is considered here. The
power spectral density when the frequency approaches infinity goes to zero for all
frequency components. A more detailed analysis using the law of large numbers
shows how the noisy part of the Hamiltonian disappears in the time evolution of
the system. Moreover, using the central limit theorem for large but finite noise
frequencies shows that how the noise affects the fidelity in each control time interval
hence reduces the fidelity.
However, for a fixed value of the standard deviation, the descent of the average fidelity is continued until the noise period becomes 1/5 of the gate time. for
noise periods larger than that the average fidelity starts to increase. Considering
that the control fields are applied with the period 1/20 of the gate time, we figure out that when the control-field frequency is sufficiently higher than the noise
frequency the system is protected against the noise similar to the phenomena of
dynamical decoupling.
We also discuss the cases more than one source of noise is introduced to the
system. The noise may be appeared independently between the different interqubit
couplings and also may be affected independently the coupling values in different
directions. However, considering that in our noise model the dynamics of the all
noise parameters are similar, the average fidelity dynamics in these cases remain
qualitatively similar to the case of single noise source. The average fidelity curves
in these cases just decrease faster.
We obtain the average fidelity curves for different values of the noise frequencies for some large values of the standard deviation. Although, as far as we have
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simulated, there is no universal value for the fidelities in large standard deviations
they remain close to the theoretical value of the full randomizing map saturation
value.
After studying the effects of the dynamical noises we also consider the case of
static noise. In this case, the noise period is much larger than the gate implementation time. It is associated with a fixed noise in the system. The static noise does
not introduce decoherence to the system but does produce error. Using a uniform
distribution for the noise it is shown that the average fidelity decreases 2%, when
the noise level is less than 10%. Such level of noise is unavoidable in systems that
are consisting of superconducting qubits and microwave resonators.
We also use the quantum control techniques to find new sets of control pulses
that implement the Toffoli gate with an improved performance in the systems with
imperfections. Starting with optimizing a weighted average of the fidelity we obtain
a new set of control fields for which the descent of the average fidelity is 1.36%
for 10% of the noise level. The new obtained set of control fields has however less
fidelity in the ideal case comparing to the original set of fields.
Using an appropriate weight function, we optimize the new set of control
fields to obtain another set with high fidelity performance in the ideal case as well.
The descent of the average fidelity for this latter set is 1.16%.
Finally, by manipulating the objective functional we find an special set of
control fields that is almost insensitive to the noise with half-width less than 10%.
The techniques used in this work may be applied to other multi-qubit gates
as well. Specifically, the 2% reduction of the average fidelity could be expected to
be also valid for other relevant gates, at least for other three-qubit gates, when the
system is affected by a uniform noise with half-width less than 10%.
Moreover, applying the same noise model in a system Hamiltonian written
for multi-level qubits (qudits) it is possible to study the effects of the leakage to
the higher levels in the system.
Our techniques are also applicable in the problems of pure state controlla-
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bility. In this way, it is possible to find the fidelity of the quantum algorithms as
well. It may be mentioned that in the quantum algorithms both the operator and
state controllability may be used.
We have considered independent distributions in different time intervals for
random variables in the noise model Eq. (4.11). It is possible to extend this method
simulating other types of noise by considering various dependencies between the
random variables in different times. Consequently, the average fidelity may be
improved in a more effective way having those sorts of dependencies. As we have
experimented, using 1/f noise instead of Gaussian noise in different time intervals
leads to different behavior of the average fidelity. In this case increasing the noise
does not reduces the decoherence. Such situation with 1/f noise may be analyzed
as well.
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de Oliveira Corrêa. Analyzing the Toffoli gate in disordered circuit QED. Phys.
Rev. A, 87:042324, 2013.
Michael A Nielsen and Isaac L Chuang. Quantum computation and quantum
information. Cambridge university press, 2010.
Jorge Nocedal and Stephen J Wright. Numerical optimization. Springer, New
York, 2nd edition, 2006.
E. Paladino, A. D’Arrigo, A. Mastellone, and G. Falci. Decoherence times of

68

universal two-qubit gates in the presence of broad-band noise. New Journal
of Physics, 13(9):093037, 2011.
MD Reed, L. DiCarlo, SE Nigg, L. Sun, L. Frunzio, SM Girvin, and RJ Schoelkopf.
Realization of three-qubit quantum error correction with superconducting circuits. Nature, 482(7385):382, 2012a.
MD Reed, L DiCarlo, SE Nigg, L Sun, L Frunzio, SM Girvin, and RJ Schoelkopf.
Realization of three-qubit quantum error correction with superconducting circuits. Nature, 482:382, 2012b.
RJ Schoelkopf, SM Girvin, et al. Wiring up quantum systems. Nature, 451(7179):
664, 2008.
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